Abstract. In this work, the convergence analysis of explicit exponential time integrators based on general linear methods for quasi-linear parabolic initial-boundary value problems is pursued. Compared to other types of exponential integrators encountering rather severe order reductions, in general, the considered class of exponential general linear methods provides the possibility to construct schemes that retain higher-order accuracy in time when applied to quasi-linear parabolic problems. In view of practical applications, the case of variable time stepsizes is incorporated.
denotes an open subset of some intermediate space D = X 1 ⊂ X γ ⊆ X = X 0 . For the convenience of the reader, the precise hypotheses on (1.1) are recapitulated in the appendix, see also [1] . The analysis given in [1] (under Hypothesis A.1 with ϑ = 0) ensures that (1.1) defines a semiflow in X β ∩ V for any β ∈ (γ, 1]. In this work, we shall consider the case β = 1 and employ the fact that the exact solution fulfills u(t) ∈ D ∩ V for all t ∈ [0, T ]. Besides, in view of practical applications, we may assume that Hypothesis A.1 holds for ϑ = 0 as well as for some exponent ϑ ∈ (0, 1).
Exponential general linear methods. In the following, we recall the general format of exponential general linear methods and introduce auxiliary abbreviations. Additional details are given in [5] .
Henceforth, we set N = {n ∈ Z : n ≥ 0}. We denote by (h n ) n∈N a sequence of positive time stepsizes such that the corresponding ratios fulfill the condition (n ∈ N)
with some constant χ > 0. The associated time grid points are defined by (n ∈ N) t 0 = 0 , t n+1 = t n + h n .
Besides, for nodes (c i )
such that c i ∈ [0, 1] for any i ∈ {1, . . . , s}, we set (n ∈ N, i ∈ {1, . . . , s}) t ni = t n + c i h n .
As our focus is on explicit methods, we assume c 1 = 0.
The construction of the time-discrete solution (u n ) n∈N relies on a suitable reformulation of the quasi-linear evolution equation in each time-step and the application of an explicit exponential general linear method to the resulting problem. More precisely, we rewrite (1.1) as follows (n ∈ N, t ∈ (0, T )) u (t) = Q u(t) u(t) = Q n u(t) + Θ n u(t) = Q n u(t) + G n (t) , Θ n : D −→ X : v −→ Q(v) − Q n v , G n : [0, T ] −→ X : t −→ Θ n u(t) = Q(u(t)) − Q n u(t) , (1.3a) where the sectorial operator Q n : D → X has to be chosen in an appropriate manner (see below). For given initial approximations u 0 , . . . , u q−1 ∈ D ∩V , approximations to the exact solution values are defined by recurrence (n ∈ {q − 1, q, . . . }, i ∈ {1, . . . , s})
(1.3b)
For the derivation of our convergence result, which will also ensure existence of the time-discrete solution value u n ∈ D ∩ V as long as t n ≤ T , it is essential that from differences such as Q(U ni ) − Q n : D → X we may extract a factor h α n for some exponent α ∈ (0, 1). In conjunction with the Hölder-continuity of the time-discrete solution, this suggests the choice Q n = Q(u n ) .
Alternative choices involving in addition the Fréchet-derivative of Q are also admissable.
From a local error expansion, it becomes apparent that the coefficient functions are given as linear combinations of the exponential functions ( ∈ N)
More precisely, we shall require that the order conditions (n ∈ N, i ∈ {1, . . . , s}) 5) are satisfied for certain Q, P ∈ N. In accordance with [6] , we call Q ∈ N the stage order and P ∈ N the quadrature order of the method, see also [3] . Evidently, the following identity holds
Order of convergence for semi-linear parabolic problems. Explicit exponential general methods that satisfy these order conditions for constant time stepsizes with coefficient functions independent of n ∈ N h n = h :
have been constructed in [6] , see also references given therein. Furthermore, it has been shown that the order of convergence for semi-linear parabolic problems with sufficiently regular solutions is essentially p = min{P, Q + 1}. Due to the fact that the stage order of an explicit exponential one-step method is at most one, this implies that higher-order of convergence (i.e. p ≥ 3) can only be expected for exponential general linear methods involving at least two steps (i.e. q ≥ 2). Convergence analysis for quasi-linear parabolic problems. In this work, we are concerned with the derivation of a convergence result for explicit exponential general linear methods of the form (1.3) applied to quasi-linear parabolic problems (1.1). We point out that, even though it is possible to sustain a general approach based on suitable local and global error representations, stability bounds, estimates for the defects, and the application of Gronwall-type inequalities, as used for instance in [6] , the convergence analysis of quasi-linear parabolic problems is significantly more involved than the treatment of the semi-linear case, see also the discussion in [5] . In particular, it is essential to prove that the time-discrete solution is Hölder-continuous in a discrete sense, in analogy to the Hölder-continuity of the exact solution.
With the needed stability estimates at hand, the incorporation of variable time stepsizes only slightly increases the amount of technicalities. The issue of constructing variable stepsize exponential multi-stage multi-step methods, however, is more complex and shall be considered in future work.
Regularity requirements. As our focus is on exponential time integration methods that provide the possibility to achieve higher-order accuracy in time, contrary to exponential one-step methods, see [4, 6] and references given in [5] , encountering stronger order reductions, in general, we henceforth assume that the sectorial operator Q(v) : D → X, v ∈ V , is sufficiently often Fréchet differentiable and that the exact solution is sufficiently regular in time. In certain situations, this regularity requirement is indeed justified.
Notation. For a family (F ) ∈N of non-commutative operators on a Banach space, we employ the product notation (n, m ∈ N)
The operator norm of a linear operator F between normed spaces (W 1 , · W1 ) and (W 2 , · W1 ) is denoted by F W2←W1 . In order to simplify the notation, we do not distinguish the arising constants.
2. Convergence result for quasi-linear problems. In this section, we deduce our main result, a convergence estimate for variable stepsize explicit exponential general linear methods applied to quasi-linear parabolic problems, see Theorem 2.1. For this purpose, we first derive suitable local and global error representations.
Local error representation.
In the following, we fix n ∈ {q − 1, q, . . . } as well as i ∈ {1, . . . , s} and consider a subinterval [t n , t n+1 ] ⊂ [0, T ]. Main tools for the derivation of suitable local error expansions reflecting the order conditions (1.5) are the notion of the defect and the linear variation-of-constants formula. In order to reveal the dependencies of the arising components on the time stepsize h n > 0, we employ the symbol O(h m n ). The estimation of the defects in appropriate norms is carried out below.
Defects. Replacing the time-discrete solution values by the exact solution values defines the defects of the considered exponential general linear method (1.3)
Expansion of exact solution. In order to deduce a suitable expansion of the exact solution value at time t n + ζ ∈ [0, T ], we employ the reformulation
see also (1.3a), and apply the linear variation-of-constants formula
Under the required regularity assumptions, we may replace G n (t n + τ ) by its Taylor series expansion 2) and, by (1.4), we thus obtain the representation
Expansion of defects. Setting m = Q, this relation for the exact solution, the Taylor series expansion (2.2), and straightforward calculations lead to the following representation
Analogously, setting m = P , we obtain
Altogether, due to the required validity of the order conditions (1.5) and by (1.2), we
2.2. Global error representation. As before, we fix n ∈ {q − 1, q, . . . } and i ∈ {1, . . . , s}. For the following consideration, it is convenient to introduce a short notation for the approximation errors
Relations for global errors. We recall the abbreviations
Taking the difference between the relations in (1.3) and (2.1), we obtain
For later use, employing the suggestive notation
we rewrite the arising differences such that the errors are recognised. On the one hand, by adding and substracting Q(U ni ) U ni , we have
In a similar manner, this yields
As a consequence, we obtain the representations
With the help of auxiliary abbreviations for the time-discrete evolution operator and the remaining term
the latter relation takes the form
Resolving this recurrence finally implies
2.3. Global error estimation. In order to deduce the desired global error estimate, we employ stability estimates for the time-discrete evolution operator and bounds for the defects. Again, we fix n ∈ {q − 1, q, . . .
Stability estimates. Relation (A.1) at once implies boundedness of the coefficient functions (i ∈ {1, . . . , s}, j ∈ {1, . .
Moreover, from the stability analysis in [5] , we obtain
Estimates for the defects. By a straightforward estimation of the remainder terms in (2.2) and (2.3), we obtain
see also (A.1). The representation (2.4) for the defects together with (2.8) thus yields
(2.10)
Estimation of global error. We estimate the global error with respect to the norm of the domain D. Applying (2.9) at once yields E n q−1 e q−1 D ≤ C e q−1 D and hence
We point out that we need that Hypothesis A.1 holds for
It remains to study the decisive terms
see also (2.7). In view of the analysis provided in [1] , for initial values in D, it is reasonable to assume boundedness of the exact solution in D
moreover, for initial values u(0) ∈ X 1+ϑ , the results given in [1, Sec. 9] imply boundedness of the solution in X 1+ϑ
As a consequence, we obtain the following estimates
Consequently, employing relation (2.8) for the coefficient functions, we have
e m−k Xγ .
From this, using in addition that E mi Xγ ≤ E mi D as well as e m−k Xγ ≤ e m−k D , we obtain the global error estimate
In a similar manner, the corresponding estimate for the internal stages follows
So far, we have not used the particular choice of the sectorial operator Q n : D → X defining the numerical scheme. Due to the arising strong singularity (t n+1 −t m ) −1 , we need to extract a certain power of the time increment from the difference Q(U mi )−Q m and Q(u m−k ) − Q m , respectively. More precisely, we employ the natural choice
and make use of the fact that the numerical solution is Hölder-continuous for some exponent α ∈ (0, 1), in analogy to the property of the exact solution, see [1] and [5] . This yields
as well as
with constant depending on certain ratios of subsequent time stepsizes. Altogether, we obtain the bounds
The application of a Gronwall-type inequality, see for instance [6] , thus proves our main result, Theorem 2.1, stated below.
Main result.
For the sake of a compact formulation of the global error bound, we introduce the maximal time stepsize h max = max{h n : t n ∈ [0, T ]}. Due to (2.10), estimation of the arising Riemann-sum by the corresponding integral yields
This finally proves the following result.
Theorem 2.1. Assume that Hypothesis A.1 is satisfied for ϑ = 0 as well as ϑ ∈ (0, 1). Consider an exponential general linear multistep method of quadrature order P ∈ N and stage order Q ∈ N that satisfies condition (1.2). Assume in addition that the quantities
remain bounded. Then, the global error estimate
is valid for n ∈ N such that t n ∈ [0, T ] with h max = max{h n : t n ∈ [0, T ]}. The constant C > 0 in particular depends on M ( u, X 1+ϑ ) and M (r, G, D).
Remark 2.2.
(i) Results on the differentiability of the exact solution with respect to the initial state and additional parameters are obtained in [1, Sec. 11] under stronger hypotheses regarding the differentiability of the defining operator Q; similar arguments imply differentiability of the exact solution with respect to time and thus boundedness of M (r, G, D). (ii) Combining in a standard manner the stability result provided in [5] with our convergence result implies well-definedness of the considered exponential general linear methods, see also Theorem B.1. That is, for initial approximations u 0 , . . . , u q−1 ∈ D ∩ V that lie sufficiently close to the corresponding values of the exact solution u(t 0 ), . . . , u(t q−1 ) ∈ D ∩ V , the recurrence relation (1.3) is applicable as long as t n+1 ≤ T . (iii) From this convergence result, we conclude that numerically the order p = min{Q + 1, P } will be observed. This is in accordance with the convergence result for the semi-linear parabolic case [6] . Thus, the considered class of exponential general methods provides the possibility to construct (multi-stage) multi-step schemes that retain higher-order accuracy in time when applied to quasi-linear parabolic problems with regular solutions, contrary to one-step methods such as exponential Runge-Kutta methods or exponential Magnus-type integrators, which encounter severe order reductions. (iv) As our derivation of Theorem 2.1 relies on Gronwall-type inequalities, the effective size of the arising constant is overestimated, in general. For this reason, we merely specify its dependency on certain regularity properties of the exact solution and the related function G n , which correspond to certain regularity and compatibility properties of the defining operator family and the initial state. In addition, the constant depends on the coefficients of the exponential general linear method and the stability constant, see Theorem B.1, and thereby is effected by the constants arising in Hypotheses A.1-A.2 and by the size of the final time T > 0. (v) In situations, where G n satisfies weaker regularity requirements, the expected order reduction can be explained by a suitable modification of our local error expansion. Besides, in order to explain a fractional order of convergence, the smoothing property of the discrete evolution operator is utilised, see for instance [4] .
Numerical experiments.
In this section, we illustrate the convergence behaviour of exponential general linear methods of orders one up to six. For studying the time discretisation error caused by higher-order methods, it is essential to ensure that the space discretisation error is sufficiently small; for this reason, we consider a test problem in a single space dimension. In addition, we focus on a linearisation about the Laplacian, since this permits to use fast Fourier transform techniques for a rapid computation of the action of the arising exponential functions on vectors. 
defined by the second-order differential operator (middle, right), when a smoother exact solution is prescribed (m = 2). For higher-order exponential general linear methods, the global error is dominated by the space discretisation error (left, middle: M = 100, right: M = 1000).
the additional space-time-dependent inhomogeneity permits to prescribe an exact solution that in particular satisfies homogeneous Dirichlet boundary conditions. We rewrite the above initial-boundary value problem as an abstract initial value problem for u(t) = U (·, t)
As underlying Banach space, we consider X = L κ (Ω) for some exponent κ ∈ (1, ∞) and hence obtain D = {v ∈ W Exponential general linear methods. For the time discretisation of (3.1), we apply various exponential general linear methods found in literature, see [3, 6] and references given therein. In the special case of a single step, they reduce to exponential RungeKutta methods, and in the special case of a single stage, they reduce to exponential linear multi-step methods. For the convenience of the reader, the schemes are collected in Section C.
Global errors. In Figure 3 .1, we display the global errors with respect to the norm in D, obtained for U :
, a large exponent κ > > 1 such that ϑ ≈ 0, M = 100 equidistant grid points in space, the final time T = 1, and time stepsizes h = 2 j for j ∈ {3, . . . , 10}. The numerical results illustrate the favourable accuracy of higher-order exponential general linear methods. For comparison, we include the corresponding results for the linear test equation with c 1 = c 2 = 0. Here, it is evident that the requirements of Theorem 2.1 on the exact solution are satisfied, since u(t) X 1+ϑ is bounded and G n (t) = 0 for all t ∈ [0, T ]; as expected, we thus retain the following orders of convergence with respect to · D
ExpGL06. The numerical observation of higher orders of convergence in time is delicate, when considering instead an exact solution, where also certain space derivatives satisfy the homogeneous Dirichlet boundary condition, for instance, of the form U (x, t) :
Indeed, from the results displayed in Figure 3 .3 for m = 2, M = 100, and the refined number of space grid points M = 1000, we conclude that for higher-order schemes, the global errors are dominated by the space discretisation errors.
Conclusions.
In this second part of our work, we have deduced a convergence result for exponential general linear methods applied to quasi-linear parabolic problems. The proof of the global error estimate is based on stability results that have been provided in the first part of our work. Interesting open questions that shall be investigated in the future comprise the construction of exponential general linear methods involving variable stepsizes and their realisation for an application of practical relevance.
(iii) For some exponent ϑ ∈ [0, γ] the interpolation space X 1+ϑ between X 1 and the domain of (Q(v)) 2 does not depend on v ∈ V . Moreover, the mapping Q : V → L(X 1+ϑ , X ϑ ) is Lipschitz-continuous, that is, the estimate
is valid with a constant L > 0 for all elements v, w ∈ V . If the considered explicit exponential general linear methods are based on a linearisation involving the first derivative of Q, we further impose the following regularity requirement with exponent ϑ ∈ [0, γ] chosen accordingly to Hypothesis A.1.
Hypothesis A.2. The map Q belongs to C 1 V, L(X 1+ϑ , X ϑ ) and its derivative Q : V → L(X 1+ϑ , X ϑ ) is Lipschitz-continuous, that is, the bound generated by the sectorial operator Q(v) : X 1 → X 0 is given by the integral formula of Cauchy
where Γ denotes a path that surrounds the spectrum of tQ(v). As a consequence, the estimates
are valid for t ∈ [0, T ], µ, ν ∈ [0, 1] such that µ ≤ ν, and j ∈ N, see also (1.4).
Appendix B. Stability results for quasi-linear problems. For the convenience of the reader, we restate the main result of [5] , providing stability bounds for variable stepsize explicit exponential general linear methods.
With regard to (1.3), we consider sequences (v n ) n∈N , (w n ) n∈N , defined through the recurrence formulas
where v 0 , w 0 ∈ X β ∩ V and (f n ) n∈N , (g n ) n∈N are assumed to be bounded in X β . Theorem B.1 ([5] ). Assume that Hypothesis A.1 and condition (1.2) are fulfilled. Then, there exists a final time T 1 > 0 and a maximal time stepsize h > 0 such that for any stepsize sequence (h j ) j∈N with 0 < h j ≤ h for j ∈ N, the sequences (v n ) n∈N , (w n ) n∈N given by (B.1) satisfy the bound
with constant C > 0 independent of n and h j for j ∈ N.
Provided that also Hypothesis A.2 is satisfied, the stability result remains valid if Q(v n ), Q(w n ) are replaced by alternative linearisations involving in addition the Fréchet derivatives Q (v n ), Q (w n ).
Appendix C. Exponential general linear integrators. For the sake of completeness, we specify the exponential general linear methods employed in our numerical experiments in terms of a pseudo-code. We denote by Rn the remainder resulting from a linearisation about Q n and by PhiQn(·, k, ·, ·) the k-th exponential function; for a scheme involving several steps, u and um (minus) correspond to the current and the previous solution values. 
